We consider a tight-binding model with the nearest neighbour hopping integrals on the honeycomb lattice in a magnetic field. Assuming one of the three hopping integrals, which we denote t a , can take a different value from the two others, we study quantum phase structures controlled by the anisotropy of the honeycomb lattice. For weak and strong t a regions, respectively, the Hall conductances are calculated algebraically by using the Diophantine equation. Except for a few specific gaps, we completely determine the Hall conductances in these two regions including those for subband gaps. In a weak magnetic field, it is found that the weak t a region shows the unconventional quantization of the Hall conductance, σ xy = −(e 2 /h)(2n + 1), (n = 0, ±1, ±2, · · · ), near the half-filling, while the strong t a region shows only the conventional one, σ xy = −(e 2 /h)n, (n = 0, 1, 2, · · · ). From topological nature of the Hall conductance, the existence of gap closing points and quantum phase transitions in the intermediate t a region are concluded. We also study numerically the quantum phase structure in detail, and find that even when t a = 1, namely in graphene case, the system is in the weak t a phase except when the Fermi energy is located near the van Hove singularity or the lower and upper edges of the spectrum.
I. INTRODUCTION
The purpose of this paper is to present some arguments for quantum Hall conductivity on the honeycomb lattice. Recently, quantized Hall effect is observed in graphene, and the Hall conductivity has been determined to be unconventionally quantized [1, 2] ,
(The factor 2 comes from the spin degrees of freedom.) This unusual quantization is relevant when single particle physics dominates the behavior of the system [29] , and it has been considered as a consequence of the existence of zero modes in graphene [3, 4, 5, 6] . In graphene, there exist zero modes in the absence of a magnetic field due to the honeycomb lattice structure, and the unconventional quantum Hall conductance (1) was explained by treating these zero modes as Dirac fermions [3, 4] . However, it is not trivial whether the Dirac fermion argument is true or not, because the Hall conductivity is given by an integral over whole Brillouin zone while the Dirac-fermion argument looks only the zero mode near the Fermi surface. Actually, it has been known that the logic of quantum Hall conductivity using the Dirac fermions is not correct in general [7] . Furthermore, numerical analyses for the tight-binding model of graphene have shown that the unconventional quantization persists up to the van Hove singularity where the Dirac fermion argument is no longer valid [8] .
In this paper, we present an alternative explanation of the unconventional quantization by using the tight-binding model on the honeycomb lattice. For the tight-binding model on the honeycomb lattice, the energy spectrum in a magnetic field was studied in [9] , and some numerical analyses for the Hall conductance have been done previously [8, 10, 11] .
However no analytical study of the Hall conductance was presented systematically. Here we obtain the algebraic expression of the Hall conductances for almost all gaps including subband gaps, and explain why the unconventional quantum Hall effect (1) persists up to the van Hove singularity.
To obtain the algebraic expression of the Hall conductances, we study effects of anisotropy of the hopping parameters on the honeycomb lattice [10, 12, 13, 14] . For the square lattice, as suggested by Aubry-André duality [15] , it is known that none of gaps closes when we change the ratio of the hopping parameters, t x /t y , and this facilitates the calculation of its
Hall conductances [16] . For the honeycomb lattice, however, it will be found that gap closing points appear since there is no duality. We present here a detailed study of the (topological) phase structures induced by the anisotropy of the hopping parameters on the honeycomb lattice, and determine its Hall conductances.
In the following, we describe the quantum Hall effect in terms of the Diophantine equation. For later convenience we present a brief derivation of the relation between the Hall conductance and the Diophantine equation [17] . First we use the Středa formula [18, 19] for the Hall conductance,
where ρ is the electron density and the derivative is to be taken with the Fermi level fixed inside the gap. Then at the same time, the Hall conductance is written as [16, 20, 21] 
when the Fermi level is in the r-th gap from the bottom, where t r is guaranteed to be an integer given by the Chern number. Combining them, we have ∂ρ ∂B = e h t r .
The energy gaps are stable under small perturbation and therefore persist under slight variation of B. Thus we obtain
where v 0 is the area of a unit cell. (Here const./v 0 is a constant of integration.) When the flux per unit cell is Φ = p/q (in units of h/e) where p and q are co-prime integers and q > 0, the area of the magnetic Brillouin zone is ((2π) 2 /v 0 q), and the density of electrons in a single band is given by (1/v 0 q). Thus, when there are r bands below the Fermi energy, the density of electrons is ρ = r v 0 q .
Then (5) is rewritten as r = const. × q + pt r .
In this equation, r, p and t r are integers, thus const. × q must be an integer. However, since const. is independent of q and q can change when the magnetic field is varied without making a point of contact, then const. itself must be an integer s r . Thus we have
which is the Diophantine equation.
The plan of the remainder of the paper is as follows. In Sec.II, we explain the tight-binding model on the honeycomb lattice briefly. An anisotropic hopping parameter t a is introduced in the tight-binding model. In Sec.III, the weak t a limit is studied. It is shown that the Hall conductances for almost all gaps including subband ones are determined algebraically by using the Diophantine equation. Furthermore, in a weak magnetic field, the unconventional
Hall effect (1) is found to hold for visible gaps. We study the strong t a limit in Sec.IV. In this limit, our model on the honeycomb lattice is shown to reduce to a pair of the tightbinding models on the square lattice. Using this result, we establish an algebraic rule to determine the Hall conductances in the strong t a limit. It is found that the algebraic rule in the strong t a limit is different from one in the weak t a limit. As a result, only conventional quantization of the Hall conductance is obtained in this limit. From the differences of the Hall conductances between the two limits, the existence of the gap closing points and topological quantum phase transitions in the intermediate t a region are concluded. In Sec.V, we study the topological quantum phase transitions in the intermediate t a region in detail.
The existence of the gap closing points is confirmed numerically. In addition, we will find that for some gaps near the van Hove singularity at t a = 1 or on the lower and upper edges of the spectrum unexpected topological quantum phase transitions occur due to accumulation of gaps in a weak magnetic field. In Sec.VI, we apply our results to graphene where t a is given by 1 and determine its Hall conductance. The unconventional quantization of the Hall conductance is obtained from our results. It is also explained naturally why it persists up to the van Hove singularity. In Sec.VI, we also examine the edge states of graphene in a weak magnetic field, in order to confirm our results using the bulk-edge correspondence. Finally, in Sec.VII, we will summarize our results. t a is the hopping integral of the horizontal bond.
II. MODEL
Let us consider the tight-binding model on the honeycomb lattice with the nearest neighbour hopping in a magnetic field. See Fig.1 . Denote wave functions on sublattices A and B as ψ n,m and φ n,m , respectively, then the tight-binding model is given by
where a magnetic flux through a unit hexagon is given by Φ, the hopping integrals of the horizontal bonds are t a and those for the other bonds are 1. Here we have introduced potentials ξ on sublattice A and −ξ on sublattice B to remove a subtle singularity at E = 0.
We take ξ → 0 in the final stage of analysis. For simplicity we neglect the spin degrees of freedom in the following.
III. WEAK t a PHASE
In this section, we study the weak coupling limit of the horizontal bond t a ≪ 1. Using the perturbation theory, we derive the Diophantine equation and provide a general rule to determine the Hall conductances. We also find that the unconventional quantization (1) holds in a weak magnetic field. Let us consider (9) in the momentum space. By performing the Fourier transformation of ψ n,m and φ n,m ,
where h(k) and σ ± are given by
and
When t a = 0, (11) reduces to
then the energies E are found to be
and the eigen vector with the positive energy,
and that with the negative one,
Here the staggered potential ξ removes singularities in the energies, ±E (0) (k y ), and the eigen vectors at k y = ±π/2. It also remedies the singularity of A(k) in (41) at k y = ±π/2.
To solve (11) in perturbative expansions in powers of t a , it is convenient to take the basis
Substituting this into (11) and multiplying (u
* + (k)) to the both sides, we obtain
where
and k 0 y satisfies 0 ≤ k 0 y < 2π/q. Here we have used the normalization conditions of the functions (u
In a similar manner, we also have
When t a = 0, these equations reduce to
and the unperturbed solutions are given by
which reproduce (16) and (17), respectively. In the new basis, α(k) and β(k) describe the upper (E > 0) and lower (E < 0) bands, respectively. The energy spectrum for t a = 0 is shown in Fig.3 .
In (19) and (21), the terms proportional to t a give couplings between the momenta k y and k y ± πΦ. So, if we put Φ = p/q with co-prime integers p and q (q > 0), then in general gaps open when
Here s is an integer, and k y and k ′ y couple by |t|th-order perturbation. The size of the gap is an order of t |t| a . If s is chosen appropriately, k y is put between 0 and π and k y for the r-th gap from the bottom can be chosen as (25) and (26), we have the Diophantine equation
where we have written the subscript r since t and s depend on r implicitly as a solution of (27) .
We can also derive the formula (3) in the perturbation theory. For brevity, we derive it only for gaps in the upper band (E > 0). The same formula can be obtained for gaps in the lower band (E < 0) in a similar manner. The wave function in the upper band (E > 0) is simply given by
where m = m ′ + t and we take 0 ≤ k 
where ǫ and E are measured from the middle of the gap, namely
and k 0 y = 0 for even r or π/2q for odd r. Here the k x -dependence of the off diagonal elements of the matrix in (29) is determined by (16) , (17) and (19) , and the parameter η is a real number and of the order of t |t| a . The solutions of (29) are
When ǫ/|η| → ∞, these solutions behave as
and when ǫ/|η| → −∞,
For the upper edges of r-th band, we take the solution (32) with t = t r . The asymptotic behaviors (33) and (34) imply that as k 0 y passes 0 (for even r) or π/2q (for odd r), the wave function changes from
And for the lower edge of r-th band, we take the solution (31) with t = t r−1 , then we have 
by a trivial transition function, e iθ = 1, and on the overlap II, (36) is identified with
by the transition function Now let us calculate the contribution of the r-th band to the Hall conductance,
Here the integration of (40) is performed on the first magnetic Brillouin zone, and A(k) is defined as
where (u(k), v(k)) is the wave function for the r-th band constructed above. For the present purpose, it is convenient to consider the rectangle region given by −π ≤ k x < π and 0 ≤ k 0 y < 2π/q, which is equivalent to a pair of the first magnetic Brillouin zone. Performing the integral (40) in this region and dividing it by 2, we have
From the Stokes theorem, one can show that only the transition function (39) in the center of the band contributes to this integral. Thus we obtain
(The factor 2 arises because we have the transition function (39) twice in the integral region of (42).) When the Fermi surface is in the r-th gap from the bottom, we have the formula
B. Hall conductance and the Diophantine equation
Let us now determine the Hall conductance. As we showed above, the Hall conductance in units of −e 2 /h, namely t r , satisfies the Diophantine equation. By combining with the perturbation theory, the Diophantine equation enables us to determine the Hall conductance algebraically.
Before giving a rule to determine the Hall conductance, we briefly summarize properties of the Diophantine equation which we shall use later. First, the Diophantine equation has an infinite number of solutions: If we have a solution (s r , t r ) for a given r, then (s r − lp, t r + lq)
for any integer l is also a solution. Second, the minimal value of |t r | among the solutions satisfies |t r | ≤ q/2. We denote a solution with the minimal |t r | by (s 
and that from β m−2 is proportional to 
There are |t 
they have momenta
this is possible only when t 
with s r = s 
This k ′′ y can not be π/2 (mod π): In order for k ′′ y to be π/2 (mod π), t 0 r /2 − l must be a multiple of q, but this can not be met from the restriction 0 < |t 0 r /2 − l| < q. Now we summarize a procedure to determine the Hall conductance for the rth gap from below under a magnetic field Φ = p/q.
First
and the size of the gap is an order of t
Finally, let us discuss the case of |t 0 r | = q/2. This is possible only when q is even and only for gaps with r = q/2 or r = 3q/2. Although we have two solutions of the Diophantine equation, t 0 r = ±q/2, the Hall conductance is determined uniquely if q/2 is an even integer. Since p is odd when q is even, it can be shown that one of these solutions has an odd s 0 r and the other has an even s 0 r . So from the argument above, it is found that if q/2 is an even number, the solution with an odd s 0 r has vanishing transition amplitude in the (q/2)-th perturbation. Thus the Hall conductance is given by the solution t 0 r with an even s 0 r . When q/2 is an odd number, both of the solutions with t 0 r = ±q/2 have non zero transition amplitudes. For q = 2, the gap closes since the transition amplitudes of these solutions are the same up to a phase and cancel each other at some k x , but for the other case, (namely q = 2(2n + 1) with integers n), a gap opens and the Hall conductance is given by t 0 r with a larger amplitude, which can not be determined algebraically.
C. gap structure and unconventional Hall conductance in a weak magnetic field
Let us now examine the Hall conductance for the weak t a case in a weak magnetic field.
Consider the r(= qs r + pt r )th gap from the bottom. Since r satisfies 0 < r < 2q, t r is restricted to
So if s r ≥ 3 or s r ≤ −1, |t r | is bounded from below by (q/p). In these cases, the size of the gap O(t |tr| a ) becomes zero in a weak magnetic field limit, (p/q) → 0. Therefore, visible gaps in a weak magnetic field are possible only for the following three classes of r, (a) r = pt r , (t r = 1, 2, · · · , ), (b) r = 2q +pt r (t r = −1, −2, · · · , ), and (c) r = q +pt r (t r = ±1, ±2, · · · , ).
In the case of (a), we have (s 0 r , t 0 r ) = (0, n) if we put t r = n with 0 < n < q/2. Since s 0 r is even, the Hall conductance for r = pnth gap from below is given by
Thus the conventional quantization holds in this case. These gaps are near the bottom of the spectrum. In a similar manner, it can be shown that gaps in the class (b) also show the conventional quantization for the Hall conductance. Namely the Hall conductance for the gap with r = 2q − pn ′ (0 < n ′ < q/2) is given by
These gaps are seen near the top of the spectrum. only if n ′′ is an odd number, n ′′ = 2m + 1 (m is an integer). Otherwise, the lowest order perturbation is an order of q, then the corresponding gap is invisible in a weak magnetic field limit. For this class of visible gaps with r = q + p(2m + 1) and |2m + 1| < q/2, we have the unconventional quantization for the Hall conductance
These gaps are located around E = 0.
IV. STRONG t a PHASE
Now let us consider the strong coupling limit, t a ≫ 1. In this limit, the upper (E > 0) and the lower (E < 0) parts of the spectrum separate from each other, and both of them are equivalent to that of the square lattice shown in Fig.6 . To see this, consider first the case of Φ = 0. When Φ = 0, (11) becomes
In the leading order of the strong coupling limit, this equation reduces to
thus we have two flat bands
In order to discuss the next leading order, it is convenient to take the following basis,
In this basis, (62) is rewritten as
and we can neglect the mixing terms between the upper band and lower one in the next leading order. Therefore, we have
The eigen energies of these equations are E = ±(t a + 2 cos k x cos k y ). By changing variables as k
, they reduce to the energies of a pair of the tight binding models on the square lattice up to the constant shifts ±t a ,
Now consider the case of Φ = p/q. For this purpose, we take a new gauge for the magnetic field and consider the following equations,
In terms of a(k) and b(k), these equations are rewritten as
where (k
are momentum conjugate to the coordinate (n ′ , m ′ ), which are given by k
In the leading order, we have again the two flat bands,
and in the next leading order, the mixing terms between the upper band (E = t a ) and lower one (E = −t a ) can be neglected as
These equations coincide with that of the tight-binding model on the square lattice illustrated in Fig.6 except for the constant shift in the energies.
Using the results of the tight binding models on the square lattice in [16, 22] , we can determine the Hall conductance for r-th gap in the strong t a limit as
where t 
V. PHASE TRANSITIONS IN INTERMEDIATE t a REGION A. topological quantum phase transitions
In the above we have calculated the Hall conductance in two opposite limits, t a → 0 and t a → ∞. The algebraic rules to determine the Hall conductances in the both limits were given and it was found that for gaps with even t should have a quantum phase transition between topological insulator phases at some t a if the Fermi energy is located in a gap in this class.
In the following, we will confirm the existence of the quantum phase transition numerically. In addition, we will find that an unexpected topological quantum phase transition occurs due to the van Hove singularity.
B. numerical studies of quantum phase transitions
Here, we will study the whole region of t a for a number of cases of Φ = p/q by using numerical calculations. We will find that except for a few gaps either the strong t a limit or the weak t a one explains the gap structures qualitatively and the Hall conductance quantitatively: For a weak t a region, 0 < t a ≤ 1, the gap structures are the same as those in the weak t a limit, and for a strong t a region, t a > 2, they are the same as those in the strong t a limit. In the intermediate region, 1 < t a 2, we have the topological quantum phase transitions mentioned in the previous subsection and the gap structure changes from those in the weak t a region to those in the strong one. From the topological nature of the Hall conductance, these results imply that except for a few gaps the Hall conductances in the whole t a region are determined algebraically by using either those in the weak t a region or those in the strong one.
It will be shown that the exceptional gaps appear just beyond the van Hove singularity at t a = 1 (namely the van Hove singularity in graphene) or on the lower and the upper edges of the spectrum. For some gaps in these regions, additional topological quantum phase transitions, which are unexpected from the analysis in the two limits, are observed. It will be found that multiple topological quantum phase transitions occur for these gaps.
In the following we limit our calculation to 0 ≤ Φ ≤ 1/2 without losing generality: This is because the spectrum is invariant under translation Φ → Φ + n with an integer n, and reflection about half integer values of Φ. Furthermore a close inspection of the model also
shows that the spectrum is unchanged under reflection E ↔ −E for a given Φ = p/q.
We illustrate typical examples of energy spectra in Figs.7-13. For Φ = 1/2, 1/3 and 1/4, as is shown in Fig.7 , none of the gaps closes in a finite region of t a , and a gap opens at E = 0 when t a > 1. Since the Hall conductances for the unclosed gaps remain the same values when t a changes, they can be calculated algebraically by using the results of the weak t a limit or those of the strong one. The Hall conductances determined in this manner are also shown in Fig.7 . For some gaps, both the weak and strong t a analyses can be used to determine the Hall conductances and they are found to give consistently the same values.
For Φ = 1/5 and 2/5, there are gap closing points in the energy spectra at t a ∼ 2. See
Figs.8 and 9. It is found that for the gaps with the gap closing points, the Hall conductances obtained in the weak t a analysis are different from those in the strong one. This means that the gap closing points are required by the topological quantum phase transition described in Sec.V A. In Figs.8 and 9 we also illustrate intermediate states in the weak t a perturbation.
One can see that for the gaps with the gap closing points, there exists the intermediate state
For the other gaps we have no intermediate states with the these momenta. Similar gap closing points are also found for Φ = 1/6, 1/7, 2/7 and 3/7 in Fig.10 .
These gap closing points are also required by the topological quantum phase transition. It is shown in Fig.10 how t r of the Hall conductance σ xy = −(e 2 /h)t r changes from the weak t a region to the strong one.
When q is large (q ≥ 7), a new kind of gap closing points, which are not required by the topological difference between the weak and strong t a limits, appears for some exceptional gaps. For example, see Fig. 12 . We have two gap closing points in the same gap where the quantum Hall conductance in the weak t a limit is the same as that in the strong t a limit. There is no a prior topological reason why the gap should close in the intermediate 
FIG. 7:
The energy spectra v.s t a for Φ = 1/2, 1/3, and 1/4. None of gaps closes as we make t a stronger. The Hall conductance σ xy = −(e 2 /h)t r for r-th gap from the bottom, which is calculated algebraically by the method described in the text, is also shown.
VI. GRAPHENE CASE (t a = 1)
A. Hall conductance
Let us now apply our results to graphene, where t a is given by 1, and determine its Hall conductances. As was shown in Sec.V B, the numerical studies strongly suggest that for most energy regions graphene (t a = 1) is in the weak t a phase: Except the energy regions just beyond the van Hove singularities at E = ±1 (namely, the energy regions where |E| is slightly greater than 1) or those on the lower and upper edges of the spectrum none of gaps closes as we change t a from 0 to 1, and the structure of the energy spectrum is qualitatively the same as that in the weak t a limit. In particular, if we consider the r-th gap from the bottom, only the gaps with the following three classes of r are visible in a weak magnetic field: (a) r = pt r , (t r = 1, 2, · · · , ), (b) r = 2q + pt r , (t r = −1, −2, · · · , ) (c) r = q + pt r , (t r = ±1, ±3, ±5, · · · , ).
These results indicates that even when t a = 1 the perturbation theory works well at least qualitatively for gaps away from the exceptional energy regions. From the topological nature of the Hall conductance, it implies that the Hall conductances in graphene for these gaps are quantitatively the same as those at the weak t a limit. Namely they are determined algebraically by the rule (56) and (57). In addition to the visible gaps in a weak magnetic field, this rule also determines the Hall conductances for the subband gaps in a strong magnetic field.
This result consistently explains the unconventional quantization of the Hall conductance observed experimentally near half filling [1, 2] . Among the visible gaps in a weak magnetic field, only those in the class (c) include the gaps near half filling (E = 0). They show the unconventional quantization of the Hall conductance, σ xy = −e 2 t r /h (t r = ±1, ±3, · · · , ).
We emphasize here that our result indicates the unconventional Hall conductance persists
The energy spectra v.s t a for Φ = 1/6, 1/7, 2/7 and 3/7. The gap closing points appear whenever the Hall conductance (σ xy = −(e 2 /h)t r ) in the weak t a region is different from that in the strong t a region.
up to the van Hove singularities, where the Dirac fermion description is no longer valid. This is because none of gaps in this energy region closes when we change t a from 0 to 1. 
B. edge states
To confirm the results in the previous section, we compare here the bulk quantum Hall conductance obtained by the rule (56) and (57) and the number of edge states obtained numerically for finite systems with t a = 1. From the bulk-edge correspondence in quantum
Hall systems [23, 24, 25, 26] , these quantum numbers should coincide with each other for gaps with no gap closing point in the region 0 < t a ≤ 1. In other words, the results in the previous section suggest that they should be the same except for some gaps just beyond the van Hove singularities or those on the upper and lower edges in the spectrum.
To calculate the number of edge states, we consider cylindrical systems with bearded 
edges at both ends. For all possible Φ = p/q (0 < Φ ≤ 1/2) with 1 ≤ q ≤ 11, the energy spectra of these systems are obtained numerically and the numbers of the edge states are evaluated. We also examine the case of Φ = 1/25 as a weak magnetic field case.
In Fig.14 , we illustrate the energy spectra for 5 ≤ q ≤ 7. Except for gaps near the singularities mentioned above, we have excellent agreements between the number of the edge states and the bulk Hall conductance determined by the rule (56) and (57). In particular, even for the subband gaps, which become invisible in a weak magnetic field, these two quantum numbers are found to agree with each other. This results clearly indicate that except for gaps near the singularities, the Hall conductances in graphene including those for subband gaps are determined by the rule (56) and (57). In addition, for some gaps located just beyond the van Hove singularity at E = 1 or those on the lower and upper edges of the spectra, we find a disagreement between them, which is also consistent with the analyses presented in the previous section. We also checked that the similar results hold for all Φ = p/q with q ≤ 11. We summarize the results for the bulk Hall conductance and the edge Hall conductance in Tables I and II. To illustrate a weak magnetic field case, the energy spectrum with bearded edges for Φ = 1/25 is also shown in Fig.15 . In a weak magnetic field, subband gaps are very tiny so only the edge states for visible gaps are shown in the figure. The unconventional quantization for the edge quantum Hall conductance is found to persist up the van Hove singularities at E = ±1. We also find that for gaps beyond the van Hove singularities the conventional 
VII. CONCLUSION
In this paper, we examined quantum phase structures of a tight-binding model on the honeycomb lattice, which are controlled by the hopping parameter t a . In contrast to the square lattice, where no phase transition occurs by changing the ratio of hopping parameters t x /t y , it was found that phase transitions occur as we change t a . In terms of the Diophantine equation, we characterized the weak t a phase and the strong t a one, respectively, and determined the Hall conductances for both cases. We found that the weak t a phase shows the unconventional quantization of the Hall conductance in a weak magnetic field although the strong t a phase shows only the conventional one. This implies the existence of quantum phase transitions accompanying gap closing points in the intermediate t a region, which was confirmed by numerical calculations. We also found numerically that unexpected quantum phase transitions occur for some gaps just beyond the van Hove singularities at t a = 1 or those on the upper and lower edges of the spectrum.
Using these results, we analyzed in detail the Hall conductance in graphene (t a = 1).
Except for some gaps just beyond the van Hove singularities or on the edges of the spectrum, the Hall conductances including those for the subband gaps were determined. They naturally explain the experimentally observed unconventional quantization of the quantum Hall effect in a weak magnetic field. They also predict that the unconventional quantization persists up to the van Hove singularity. We also examined the edge states in graphene and confirmed the bulk-edge correspondence in quantum Hall effect. 
